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! The corrections concern only some details irtrhesition from equation (2-8) to equation (2+®t the end
result. The extensions introduce Complemeramyulative Distribution Functions as useful applmas of

the phase PFD.
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1. Scope

In many applications it is of interest to have aalgtical expression for the Probability Density
Functions (PDF) of the envelope and the phaseeo$tim of ariM-ary PSK modulated or an
unmodulated sine wave (e.lyl = 2, 4, 8 ...) and additive narrowband Gaussianenoisler

the conditions of coherent or non-coherent recaptie. including the impact of carrier
frequency off-set. The wanted PDF expressions aigat here along the lines shown e.g. in
ref. [1] or [2] for the case of an unmodulated Earplus narrowband Gaussian noise.

As a case of particular interest, the phase dehsittion of an unmodulated carrier plus NB
Gaussian noise has been applied to present Compiam«&umulative Distribution Functions
of the phase and phase difference.

Grateful acknowledgement is due to Wolfgang Steéjmeno stimulated the investigations
performed and confirmed the correctness of theyinal results by rigorous simulations run
under MATLAB.

2. Unmodulated Carrier plus Narrowband Gaussian Noise[1, 2]

PDF of Amplitude Envelope

The carrier shall have constant, but uniformlyrdisited phasey O (0,2m), independent of the
noise process represented by a sample funeffore x, (t)[eosw.t — X, (t) [$inaw.t .

Here,x(t) andx(t) are independent Gaussian variables with zero raedrvarianceg?. The
sum of carrier and noise is

y(t) = P codaut + ]+ x(t) = X_(t) [Eosat - X, (t) Binawt (2-1)
or

y(t) =V () Lodat + +¢(t)] 22

=V (t) oy + ¢t)] osa,t -V (t) Biny + ¢(t)] Binaw,t (2-2)

with

X, (t) = Pcosyy + x,(t) =V (t) [Eogy + gt)] (2-3a)
and

X, (t) = Psing + x,(t) =V (t) Biny + ¢(t)]. (2-3b)

Sincex(t), X(t) and ¢ are stastically independent, the joint probabdignsity function ofX
representing the possible valuesX{t), X« representing the possible valuesXt) andy
can be factorised into the single PDFsXf, Xy and ¢.

The triplet of random variableg;, X and ¢ is transformed by equation (2-3) into the trifét
random variable¥;, ¢ andy¢ whereV; andg represent the possible values\dit) and ¢t).
The transformation determinant ("Jacobian”) is

OX 10V, X /aV, dwlaV,| | codw+g]  sinw+g]
J=|0X /0 X Idqg owldg|=|-Vsiny+q] V.cody+q] 0=V.
X 10w X 1dy owldy| |-Vsinw+q] V.codw+g] 1

The joint probability density function o¥;, ¢ and is now

PSKEnvPhPDF_revl Page 2



G% AUD EN S TELECOMMUNICATIONS

PV, @) = P(X o, X, t0) V| = p(X ) Dp(X ) D) V|

1 1 |VZcoS(@W+@)+VSsin’(@+q)+P?
= 7 [BXp ——— - : l:ll/|
4o’ 202 |- 2PV, [cos@ + @) cosiy +sin + @) sing]
Y/ _P’sin’qg _(V,—Pcosg)® | | ]

By integration of equ. (2-4) ovey the joint probability density function of instareaus
amplitude (or envelopd); and phase; is obtained.

(V.. @) = xr{—%}@x —(\/‘_PCOS@)Z} 1V, 20 (2-5)

207 20°

X

The PDF of the envelope of the sum of an unmoddilederier and narrowband Gaussian noise
Is now determined by integrating equ. (2-5) witbpect to ¢:

21
V. 1
p(Vv,) = 2]7;2 jexp{— 557 {Vt2 - 2V,Pcosg + PZ}} dg
X 0 X
_ 0V, vZ+pP2 T TvP ;
25 2 P 202 Iexp o’ %
0 X
1 for n=0

2 forn>0

(2-6)

Using the Jacobi-Anger relation

exp(zcosh) = Zgn a, (2 [eosnd where &, ={

wherel, denotes the modified Bessel function of first kitiee integral in equ. (2-6) becomes

oo

It is obvious that the integrals on the right-haidk for n > 1 will vanish. Thus, the PDF of the
envelope of the sum of an unmodulated carrier ambwband Gaussian noise is

Jone ol

j j cosng dg .

V, V7?+P? V,P
=Y o 2o )

X X X
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Equ. (2-7) describes a Rice probability density fiomc It is illustrated for various C/N ratios

d X (dnan)d Cdwy e x adojaaug "wiop jo 4ad

in Fig. 2-1 with normalisation to carrier amplituded in Fig. 2-2 with normalisation to the
noise standard deviation. F& — O (i.e. pure noise), the Rice PDF approaches #ygeijh
I

PDF.

Normalized Amplitude, Vt/P

PDF of the Envelope of an Unmodulatedri@r plus Gaussian Noise

(Normalisation to Carrier Amplityde

Fig. 2-1:

ewbis x (ewbisan)d ‘ewbis x adojpaug

Envelope Normalized to Noise Standard Deviation, Vt/sigma

PDF of the Envelope of an Unmodula@edrier plus Gaussian Noise

(Normalisation to Noise Standard @2&wen)

Fig. 2-2:

PSKEnvPhPDF revl

Page 4



G% AUD ENS TELECOMMUNICATIONS

Similarly, the PDF of the phase of the sum of amadulated carrier and narrowband Gaussian
noise is determined by integrating equ. (2-5) wépect toV;:

PDF of the Phase

P*sin® g (V, - Pcosg)?
= xXp ————— |V, ex ! dv, 2-8
A p{ 207 }Ej p{ 207 t (2-8)
_V, —Pcosg Pcosqq
The integral on the right-hand side in equ. (2-&alved by substituting = \/_
20,

The integral then becomes:

co _ 2 o
[\ exp[— \ ;CSS@ }dvt =200 [[u+Pcosq I(V20,)] exi-u?] du
0 UX

-Pcosg /(v 20y)

Pcosy Jn Pcosy P?cos’ @
(er +texpl ———
{ V20, { V2o, :I p[ 207
The PFD of the phase of an unmodulated carrier andwband Gaussian noise for a given
ratio a = P/(\/EUX) IS now:

p(@,a) = {exp( a )+\/_Eamos¢g @xp[ a® 8in? q]@rfc[—a@:osg]} —w<q@<nt  (2-9)

Fig. 2-3 gives an illustration op(¢ ,a) for various ratios of C/ N = 20loga.

PDF of Unmod. Carrier plus NB Gaussian Noise

Prob. Density Function

Fig. 2-3: PDF of the Phase of an Unmodulated Qapliess Narrowband Gaussian
Noise
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. : . _ 1
» Gaussian noise only: IF![rg) p(@a) = o SIS @< TT

Two limiting cases are of interest:

P - 0 is equivalenttadC/N - —co dB and the probability density gets rectangular.

forg =0

> Carrier without noise: Iim =0(0) =
9,0 P(@)=00) {0 elsewhere

with InmO p(@)dg =1

The probability density reduces to a single line.

Complementary Cumulative Probability Distribution Function

It is of some interest to look at the Complementamnulative Probability Distribution
Function (CCDF) of the phase of an unmodulatedergptus narrowband Gaussian noise. The
CCDEF is obtained from

¢
CCDF,(¢,a) =1~ j p(@,a)dg with p(q,a) from equ. (2-9).

The integral cannot be solved in closed form. Tloeeg it has been evaluated numerically for a
set of C/N values. Fig. 2-4a shows the resultindpECurves. While the representation in
linear scale for the probability seems to take itequormal shape fap values close ta, the
specific characteristics become evident from tlgatithmic representation in Fig. 2-4b. Thus,
the CCDF is well suited to reveal the occurrenceepfreme values close to

CCDF

o (rad)

Fig. 2-4a: CCDEF of the Phase of an Unmodulatedi€gptus Narrowband
Gaussian Noise (Linear Scale)
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CCDF

Fig. 2-4b: CCDEF of the Phase of an Unmodulatedi€aptus Narrowband
Gaussian Noise (Logarithmic Scale)

CCDF of Phase Difference

The relation for the phase of an unmodulated aapties Gaussian noise is particularly useful
in the analysis of pilot assisted frequency synoisation techniques based on phase estima-
tion. Here, the distribution of the absolute vatdi¢he phase difference of two phasors is of
importance. Since the two phasors are statistioadlgpendent, the PDF of the difference of
their phases results from the convolution of tr@bpbility density function according to equ.
(2-9) with itself:

Py (P.a) = j p(®,a) [b(g —P,a)dg , where —n<d<n. (2-10)
The two-sided CCDF of the phase difference

W
CCDF,,(W,a) =1~ j p, (P,a) d, where -n<W¥<n. (2-11)
The one-sided CCDF of the absolute value of the@liference is now

b

CCDF,, (¥ a) =1-2[ py(®,a)d® with  0<|¥|< 7. (2-12)
0

The results of numerical evaluations of equ. (2d2)shown in Fig. 2-5a in linear scale and in
Fig. 2-5b in logarithmic scale for the same seChf values as above. Again, the logarithmic

scale in Fig. 2-5b reveals the occurrence of extrgalues close tawith rather high
probability.
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PSKEnvPhPDF revl



G% AUD EN S TELECOMMUNICATIONS

3. M-ary PSK Carrier plus Narrowband Gaussian Noise

In extension of section 2, the modulated carrierloawritten asy(t) = P cos[a)ct +yY +Z(t)]

with the two independent random variabiguniformly distributed in (0,&)] and{(t), the
modulation phase, which randomly takes any of #dees (2+1)7M, m[ (1, 2, ...M) and
M =2 with gz N.

P (€ =UM DY o -2 .

TheM-ary PSK carrier plus narrowband Gaussian noisepgesented by

y(t) = P codat + @ + ¢ (1)) + x(t) = X_(t) osaw,t — X (t) Binwt (3-1)
or
y(t) =V (t) [coda t + +¢(t)]
=V (t) [Body + @t)] oscut — V(t) Binly + ¢(t)] Binawt (3-2)
with
X, (t) =P cody + 2 (t)] + x.(t)
and

X, (t) = Psinfy + ¢ (t)] + x.(t).
The random variableg, {(t), x(t) andxg(t) are all statistically independent. Therefore|tiet
PDF is the product of the single -variable PDFs:

P4 X Xe )‘—G—ZJ(A Ml L op e TR (33)

X

With the relations
X, (t) =V (t) cody + @(t)] - P cody + ¢ (1))
X, (t) =V (t) sinfy + ()] - P sinf + ¢ ()]

the joint PDF p1(¢, (i, %, %) IS transformed into the joint PDpx(Vi, @, ¢, ). The trans-
formation determinant is

dwldV, owldog owlow owldl, 0 0 1 0

o o[04 10V, ¢ lo@ ol oy 9 19C | O 0 0 1
Ox, /0@ Ox, /0@ 0x, /oW 0x, /10| |0x,/0@ oOx, /0@ ox, /oy ox,/d¢,
Ox, [0V, Ox, /0@ Ox /0y 0x 10, |0x,/0V, 0Ox, /0@ 0x /0y ox,!d¢,

5 | /0 axct/aqq‘ _lcodw+a] -visifw+q]

Cloxg 10V, ox log| |sinfw+q@] V.codw+g]|

Then we have foy; = 0:
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1

g

m=1

exy{— 712[Vt cos(z// +q

X

X

2mo,’

1
_th +p* —Z\/IPCOS((g -{,

)]} .

)-Peody+ ) +1v sm(wm—Psm(wt)r}

(3-4)

1w 2m-1
—E ol -=——=0or
M & (< M )

Integrating equ. (3-4) with respectgoand(; yields the joint PDF of; andg:

2m2mr

PV = [

00

pZ(Vt’ﬂ’w’Zt) d(// dZt

2 M
Y 1 1 om-1
— jex&l——w M2 +P?-2vPeodg —zt)]} 3> J(Zt - DT] dz,
X 0 X m=1

2 2 _
@X{_vt +P }Gi Co{ﬂ _valmﬂ

V,
p3(Vt’ﬂ) = ant]T 2

M
V,P
ex
2 2
DXE

X 20-)(
(3-5)
2
- 2m-1

v " stinz[qq - T/I lDTj {V\,_PCO{@ M DTH
=7 DZex - 5 [exp; - 5
2rMg,~ “= 20, 20,

whereV; = 0.

By comparison of the last form qds(Vi, @) with equ. (2-5), it is seen that each of thleright-
hand terms corresponds exactly th1imes the joint PDF of amplitude and phase ofan u
modulated carrier plus narrowband Gaussian noigeshifted in phase by §21)77/ M.

Thus, the joint PDF of amplitude and phase of\wary PSK modulated carrier plus narrow-
band Gaussian noise is obtained ashéold superposition of the joint PDF of amplitudeda

phase of an unmodulated carrier plus Gaussian bisg@hase being staggered in stepsrof 2
M and the amplitude weighted bywL/

Because of the relation

2
jex Vt—i)co{g —Zm—_lDTj dg =20, VtFZ)
0 o M o

forallmd (1, 2, ...M)

X X

the PDF of the amplitude of aM-ary PSK modulated carrier plus narrowband Gaugsigse
is identical to that of an unmodulated carrier gRaussian noise ( equ. (2-7)).
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The PDF of the phase follows from integrating d@t5) with respect tov;:

2

20,

2m1

5 EEVV - Pcos{qq -

)

2m-1

Using the notatiora = P/(\/Eax) as in equ. (2-9) this becomes

1 ) 1
,a) =—eXp(-a“) +
p(@,a) o pEa’) p—

withO<s @< 271

\/l_TamZki:lco{gq -

Eéxp{— a’ E'l;inz[qq _ZmT—l DTH &rfc{— a Ed:o{(q -

2m-1

o

ol

o] |

(3-6)

The PDF of a 4-PSK modulated carrier plus narrowl@aussian noise is illustrated in

Fig. 3-1.
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Fig. 3-1:
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4. M-ary PSK Carrier plus Narrowband Gaussian Noise with Impact of Frequency
Offset

When anM-ary PSK catrrier is received by a non-coherentivecethe demodulator will apply
an estimated carrier frequency to the signal whitlgeneral, does not coincide with the exact
carrier frequency, but has some offg#ft The M-ary PSK carrier and the additive Gaussian
noise can then be represented by

y(t) = P codat + Aat + @ + (1)) + x(t) = X, (t) osw,t — X, (t) Binaw,t (4-1)

wheredw= 2t Af. All other entries in equ. (4-1) have the samammgg as in equ. (3-1)
above. Following the same procedure as in sectioebtain now

X, (t) =V (t) cody + @(t)] - Pcody + ¢ (t)| osAat + Psinfy + £ (t)] BinAat
and
X, (t) =V (t) sinfy + g(t)] - Psinfy + £ (t)] EosAat + Pcody + £ (t)] BinAat .

The joint PDF of the variablag, {(t), x.(t) andxs(t) is again given by equ. (3-3), but now we
have

X, o+ %> =V.” +P? - 2V,P cosAat [todg — 7, ) - 2V,P sinAat Bin(g - )

and thus

PG X %) = 6(4 am-1 j :

20

&xp{—;lzﬁlf + P2 - 2V,P cosAat [todg — ¢, ) - 2V,P sinAat Bin(g - ¢, )]}

X

The joint PDF of the variableg, @, ¢, ¢ then is

pz(vt’ﬂ Y, Zt) _#@Xp{_?lxgktz +P? —Z\/tPCOS(Q _Zt —Aa,t)]}

DX

m=1

(4-2)

The joint amplitude and phase PDF is obtained fireygration with respect t@/ and {::

V, VZ+P?2| 1 M V,P { 2m-1 j
Q)= Léx — > ex ——[7-Aat
p3 (Vt ﬂ) anxz F{ 20_)( } M mZ;L [{UX (q M
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PV )= DZex [@ —2”‘7191 Aaxj}m

2
[expl - 12{vt—Pc {q—zm—lm Amﬂ
20, M

Integration of equ. (4-3) with respect t@leads to the amplitude PDF with consideration of
Frequency offset. The result is the same as givegu. (2-7) for an unmodulated carrier plus
narrowband Gaussian noise .

(4-3)

The phase PDF is obtained by integrating equ. (@) respect toV:. The integration follows
the same method as used in equ. (2-8) and eqy. (A48 to the frequency offset, the phase
PDF is now also dependent on tiheThe result is:

1 P2
t) =—exp - + —BT Aat
P(t) 2T r{ 2axz} 271 M Z { j

p? 2m-1 P 2m-1
[éx 5 [$in -——[Or-Aat | |[erfd - -——[Or-Aat
F{ 20' [ﬂ M ﬂ { \/50' {ﬂ M ﬂ

(4-2)

Some representative cases are illustrated in gtk (a) through (c).

Fig. 4-1: Probability Density Function of the Pbad a 4-PSK Carrier plus NB Gaussian
Noise with Impact of Frequency Offset

(@) C/N =10 dB andf =20 Hz
(b) C/N =10 dB ana\f = 100 Hz
(c) C/N =2 dB and\f = 100 Hz
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4-P5K Carrier + MB Gaussian Moise; C/MN =10 dB; delta =20 Hz

Fig. 4-1 (a)

4-PSk Carrier + MB Gaussian Moise; T/ = 10 dB; delta f= 100 Hz

Fig. 4-1 (b)
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4-P5K Carrier + MB Gaussian Moise; C/N =2 dB; delta f= 100 Hz

5. Unmodulated Carrier plus Narrowband Gaussian Noise with Impact of Frequency
Offset

The phase PDF formula according to equ. (4-4)oalgh derived forM-ary PSK carriers with
additive narrowband Gaussian noise - can be used@icompute the PDF of the phase of an
unmodulated carrier plus narrowband Gaussian ryigermally settingM = 1 and restricting
mto 1. This case is of interest when considerimgttipic of carrier synchronisation in
communication receivers. An example is shown in 5ig.
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Unrmod. Carrier + MB Gaussian Moise; C/N = 10 dB; delta f= 20 Hz

t (ms] . phi (rad)

Fig. 5-1: Probability Density Function of the Phas@n Unmodulated Carrier
plus Narrowband Gaussian Noise with Impact of Feagy Offset
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